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$\{\begin{array}{l}-\triangle c\iota=f(x, c\iota) (x\in\zeta]),\uparrow x=0 (x\in\partial\zeta\cdot\}).\end{array}$ (1)




$\{\begin{array}{l}-\triangle\tau\iota=o(x)_{ll^{P}} (x\in\Omega),\tau\iota=0 (x\in\partial\zeta 2)\dot{\prime}\end{array}$ (2)
, $a\in C(\overline{\Omega})$ . $a\geq 0(x\in\Omega)$ . $(1$. $\not\equiv 0$ . $N=1,2$ $1<p<\infty$ ,
$N\geq 3$ , $1<p<(N+2)/(N-2)$ . $L^{p}(\Omega)$ $||u\Vert_{p}$
, $W^{mp}(\Omega)$ $\Vert u\Vert_{r11_{I}\uparrow J}$ . (2) $I(u)$
.
$I(u):= \int_{\Omega}(\frac{1}{2}|\nabla\iota\iota|^{2}-\frac{1}{l^{J\dashv- 1}}c\iota(x)(u^{+})^{p+1})dx$. (3)
, $u^{+}(x)= \max(ii(x), 0)$ . .
(.’ $:=i_{1_{\frac{1}{e}}}f_{111a\lambda}1(\wedge|.(t))-|\ulcorner()\leq\dagger\leq J\dot{\sim}$
$\Gamma:=\{\gamma\in C([0,1], H_{()}^{1}(t2))$ : $\gamma(0)=0_{i}\gamma(1)=u_{1}\}$ ,
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. , $I(u_{1})<0$ $lL_{1}$ . ,
$c$ $I$ . , $I’(\uparrow\ell)=0$ . $I(c\iota)=c>0$ $u\in H_{0}^{1}(\Omega)$
. $u$
$-\triangle\iota x=a(x)(t\iota^{+})^{l^{J}}$ $(r:\in\zeta))$ , $u=0$ , $(x\in\partial\Omega)$ ,
. , $q\in[1, \infty)$
, $u\in W^{2,q}(\Omega)$ . $t1$ , $0$. $\geq 0$ ,
, $u(x)>0$ . , $1l$ (2) . , , $a(x)$
, .
Nehari . (1)
. $I(u),$ $J(?\iota),$ $N$ .
$I(n):= \int_{()}(\frac{1}{2}|\nabla\tau(,|^{2}-F(x, u))dx$ ,
$F(x, \prime n):=\int_{0}^{v}f(x, t)dt$ ,
$J(u):=I’(u)u=.J_{()}\vee(|\nabla u|^{2}-uf(x, u))dx$ ,
$N:=\{?\iota\in H_{()}^{1}(t1)\backslash \{0\}:J(u)=0\}$ .
$N$ Nehari . $f$ , $N$
$\langle$ , $I(u)$ , $N$ .
$d:=i_{11}f\{I(’\iota):n\in N\}>0$ ,
. $u_{0}\in N$ , $I(\iota\iota)$ $d$ $u_{0}$ .
, $f(x,$ $s)$ $s$ , . , $sf(x, s),$ $F(x, s)$
$s$ . $?l\in N$ , $|u|\in N$ . $u_{0}$ $|u_{0}|$
. $\iota\iota_{0}\geq 0,$ $\iota\iota_{0}\in N$ , $I$ . ,
$\lambda\in \mathbb{R}$ , $I’(t\iota_{0})+\lambda_{c}J’(u_{0})=0$ . $f$
$\lambda=0$ . , $I(u)$ ,
.
, $f(x,$ $s)$ $s$ $lh^{\backslash }u_{0}$ $|u_{0}|$
. , $f(x., 0)\neq 0$ , , .
, $o(x)$ , $f(x_{:}0)\neq 0$ .
, . .
1. $(i)-(v)$ . $E$ .
(i) $(E, \leq)$ , .
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$($ ii $)$ $(E, \Vert\cdot\Vert)$ , .
(iii) $u,$ $v,$ $w\in E,$ $\lambda\geq 0$ . $u\leq v$ , $u+w\leq v+w$ ,
$\lambda u\leq\lambda\iota\}$ .
(iv) $E^{+}:=\{u\in E:u\geq 0\}$ , $E$ .
(v) $u,$ $v\in E$ , $\tau\iota\vee\cdot l$ ) $:=su]\supset\{u, v\}$ $u\wedge v$ $:= \inf\{u, v\}$
.
$E^{+}$ , positive cone . $E$ ,
.
$|u|:=u\vee(-u)$ , $\iota\ell^{+}:=t1,$ $\vee 0$ , $u^{-}:=(-u)\vee O$ .
2. 1 $\uparrow V^{1,p}(\Omega)$ . $I- f_{0}’\prime 1,p((l)$ ,
. $1\leq p<\infty$ , $u\in lV^{1.p}(\Omega)$ $|u|\in W^{1,p}(\Omega)$
, . , $M^{r_{0}^{1.p}}(\Omega)$ .
, $u\mapsto\prime u^{+}$
$\grave$
$u\mapsto u^{-}$ . $m\geq 2$ , $W^{m,p}(\Omega)$ ,
$W_{0}^{\tau n,p}(\Omega)$ , .
3. $I\in C^{1}(E, \mathbb{R})$ . , $c$ .
$c:=\underline{\inf_{|\in I^{1}0\leq t\leq 1}}111axI(\gamma(t))$ , (4)
$\Gamma:=\{\gamma\in C([0,1], E^{+}): \gamma(0)=e_{0}, \gamma’(1)=e_{1}\}$ . (5)
, $e_{0},$ $e_{1}$ .
4. $e_{0},$ $e_{1}\in E_{:}$ $E$ $U$ ,
.
$(I_{1})e0\in E^{+}\cap U$ , $e_{1}\in E^{+}\backslash$ .
$( I_{2})\max(I(e_{0}), I(e_{1}))<i_{11}f_{\partial(f\cap E+}I$ (tt).
$(I_{3})$ $\{u_{n}\}\subset E$ , dist $(u_{rt}., E^{+})arrow 0$ . $I(\uparrow\iota_{7},)arrow c,$ $I’(u_{n})arrow 0$ ,
, $\{\tau\iota_{n}\}$ .
$(I_{4})$ (i) (ii) $a\in(--\infty, c)$ $6>0$
.
(i) , $a<I(\uparrow\iota)<c$ $?l\in E_{c,\llcorner}^{+}$ , $I(|u|)\leq I(u)$ .
(ii) , $a<I(u)<c$ $\tau\iota\in E^{+}\sim$ , $I(u^{+})\leq I(u)$ .
, $E_{\epsilon}^{+}:=\{u\in E$ : dist $(\tau\iota)E^{+})\leq\in\}$ .
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5. $E$ $u\mapsto$ .
4 , $I’(u)=0h^{a\text{ }}I(u)=(.\cdot$ $u\in E^{+}$ .
, . , 5 ,
. .
$($ PS $)_{c}$ $I(u_{n})arrow c,$ $I’(\uparrow\iota_{n})arrow 0$ , $\{n_{?l}\}$ .
, $($ PS $)_{c}$ (I3) .
6. $(I_{1}),$ $(I_{2}),$ $(PS)_{c}$ . , $|^{-}$ $u\in E$ ,
$I(|u|)\leq I(u)\rfloor$ , $?l\in E$ , $I(u^{+})\leq I(u)$
. , $I’(u)=0$ . $I(\iota\iota)=c$ $u\in E^{+}$
.
5 , 6 .
6 . , $u\in E$ , $I(|u|)\leq I(u)$
. . $I’(u)=0$ $I$ (tt) $=c$ $u\in E^{+}$
. , $\in,$ $r>0$ , dist $(u, E^{+})\leq\epsilon$
$|I(u)-c|\leq\in$ , $\Vert I’(u)\Vert\geq\uparrow$ .
, dist $(u_{7I}, E^{+}),$ $|I(s\iota_{r\iota})-(|$ . $\Vert I’(u_{r\iota})\Vert$ $0$
$\{u_{n}\}$ . . $(I:\{)$ , $ll_{n}$ ,
$u$ . $u$ , $I’(u)=0,$ $I(c\iota)=c)u\in E^{+}$ . ,
. : $|_{-}-$- $\in,$ $r>0$
. , deformation lennna, , deformation
$\eta$ . $\prime l\in C(E, E)$ . $\overline{\delta}>0$ ,
.
(i) $u\in E^{+}$ )(7(u) $\in E_{\epsilon}^{+}$ . , $\hat{\subset}>0$ , (I4)
.
(ii) $\uparrow 7(e_{0})=e_{0^{\wedge}},$ $/l(e_{1})=e_{1}$ .
(iii) $u\in E^{+}$ $I(u)\leq\zeta’+\dot{\delta}$ $I(\cdot \mathfrak{j}/(\iota\iota))\leq c-\delta$ .
$c$ , $\in 1^{\urcorner}$ .
$()\leq t\leq 1111_{C}’\iota xI(\wedge/\cdot(t))\leq\subset:+\delta$.
(iii) , $I(\cdot|7(\gamma(t)))\leq\subset\cdot-\overline{\delta}$ . $-\wedge,\cdot(t)$ $:=|\uparrow l(\gamma(t))|$ .
$\overline{\gamma}(0)=|\cdot)l(\gamma(0))|=e_{0},5(1)=|/)(\wedge/(1))|=e_{1}$ . , $\overline{-f}\in$
$C([0,1],$ $E^{+})$ . $-\wedge l’\in I^{\neg}$ . , $t\in[0,1]$
,




, $c$ . , $I’(u)=0,$ $I(u)=c$
$u\in E^{+}$ . $\dagger$) . , $u\mapsto|u|$
$u\mapsto u^{+}$ .




$\{\begin{array}{ll}-\triangle u=a(x)u^{p}+\lambda_{L}(/(x, u) (x\in\Omega),u=0 (x\in\partial\Omega). \end{array}$ (6)
$\Omega$ $\mathbb{R}^{N}$ . $g(x, u)$
.
$(gO)g\in C(\overline{\Omega}\cross[0, \infty), \mathbb{R}),$ $g(x, 0)\geq 0(x\in\Omega)$ .
(gl) $q,$ $C>0,$ $\theta\in[0,2]$ . $N=1,2$ ,
$1<q<\infty$ , $N\geq 3$ , $1<q<(N+2)/(N-2)$ .
, $s\geq 0,$ $x\in(]$ ,
$|g(x, s)|\leq C(|s|^{q}+1)$ , $(p+1)G(x, s)-sg(x, s)\leq C|s|^{\theta}+C$ ,
. , $G(x, s)$ .
$G(x, s \cdot):=\int_{0}^{h}g(x, t)\zeta/t$ $(s\geq 0, x\in\Omega)$ . (7)
(g2) $a0>0$ , $\zeta$ ) $c\iota(\gamma;)\geq a_{0}>0$ , $sarrow\infty$ ,
$x\in\Omega$ , $s^{-l)}|g(X. .b’)|$ $0$ .
7. $N=1,2$ . 1 $<p<\infty$ . $N\geq 3$ , 1 $<p<$
$(N+2)/(N-2)$ . $0$. $\in C(\overline{\zeta]}.\mathbb{R})$ , $x_{0}\in\Omega$ , $a(x_{0})>0$
. $g(x, s)$ . (90) , (gl) (g2)
. $\lambda_{0}>0$ , $\lambda\in[0, \lambda_{0})$
, (6) , .





9. $(x, s)\in\Omega\cross \mathbb{R}$ . $G(x, s)\leq G(x, |s|)$
, $g(x, s)$ $s\in \mathbb{R}$ .
. $h(x, s):=g(x, s)-g(x, 0)$ . $h(x, 0)=0$ , $h(x, s)$
, $s$ . , $g(x, s):=h(x, s)+g(x, 0)$
, $g(x, s)$ $s\leq 0$ . $H(x, s):= \int_{0}^{s}h(x, t)dt$ .
,
$G(x, s)=H(x, s)+g(x, 0)s$
. $H(x, s)$ $s$ , $(gO)$ , $g(x, 0)\geq 0$
, $s\geq 0$ ,
$G(x, -s)=H(x, -s)-g(\alpha:, 0)s\leq H(x, s)+g(x, 0)s=G(x, s)$ .
7 . $E:=H_{0}^{1}(\Omega)$ . : $u\mapsto$
. $I(u)$ .
$I(u):= \int_{\zeta\}}(\frac{1}{2}|\nabla u|^{2}-\frac{1}{p+1}c;(\backslash l;)|\uparrow\iota|^{p+1}-\lambda G(x, u))dx$ .
(gl) (g2) , $I(u)$ . $\rho>0$
,
$U:=\{\iota\iota\in H_{0}^{1}(\zeta l):\Vert\iota\iota\Vert_{H_{0}^{1}}<\rho\}$
. $e_{0}=0$ . $\lambda_{(1}>0$ , $\lambda\in[0, \lambda_{0})$
, $I(e_{1})<0$ $\Vert t_{1}^{\supset\Vert_{H_{0}^{1}}}>/)$ $\epsilon_{1}\geq 0$ .
, $I(u)$ , (II), (I2) $\backslash \backslash (\ovalbox{\tt\small REJECT}\gamma_{\tilde{L}}$ . $G(X, .b’)\leq G(x, |s|)$ , $u\in E$
, $I(|u|)\leq I(u)$ . 6 , $I’(u)=0,$ $I(u)=c>0$ ,
$u\geq 0$ , $u\in H_{0}^{1}((1)$ . $(]$ $u(x)>0$
. (4) $c$ $c_{\lambda}$ . ,
$\lambda\in[0,$ $\lambda_{0})$ ,
$c_{\lambda}= \wedge,\in\Gamma 0\leq t\leq l\inf,niaxI(\wedge t’(t))$ . $I’(n_{\lambda})=0$ , $I(u_{\lambda})=c_{\lambda}$ .
, , $1/C\leq C\backslash \leq C$ . $C>0$ $\lambda$
. . $u_{\lambda}$ $H_{r)}^{1}(\Omega)$ , $\Vert u_{\lambda}\Vert_{H_{0}^{1}(\Omega)}\leq C_{0}$
/{ . , bootstra.1) $\Vert\tau\iota_{\lambda}\Vert_{W^{2,r}(\Omega)}’\leq C_{q}$
$\lambda\in[0\urcorner\lambda_{0})$ $q\in[1, \infty)$ . , $C_{q}$ $q$
. $\lambda>0$ $\vdash$ , $u_{\lambda}(x)$
.
$\grave$
$u_{\lambda},,$ $(x_{tt})=()$ $\lambda_{n}\geq 0$ $x_{n}\in\Omega$
, $\lambda_{n}$ $0$ . , $u_{\lambda_{n}}$ $u_{n}$ .
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, $x_{n}$ $x_{0}\in\overline{\Omega}$ , $u_{7\iota}$ $u_{0}$ $W^{2,q}(\Omega)$
. $Il_{r)}$ , .
$-\triangle u_{0}=a(x)u_{0}^{p}$ $(x\in\Omega)$ , $u_{()}=0$ $(x\in\partial\Omega)$ .
, $1/C\leq c_{\backslash ,\tau}$ , $71arrow\infty$ .
$\int_{\Omega}(\frac{1}{2}|\nabla\prime l\iota_{0}|^{2}-\frac{1}{p+1}(r.(x)|?\iota_{()}|^{p+1})dx\geq 1/C$ .
, $u_{0}\not\equiv O$ . $c=\Vert 0.u_{0}^{p-1}\Vert_{\infty}$ . $\triangle u_{0}=au_{0}^{p}$
$cu_{0}$ ,
$(c-\triangle)u_{0}=c^{r}\iota r_{()}+(l\uparrow\iota_{tJ}^{p}\geq(c\cdot-\Vert au_{0}^{p-1}\Vert_{\infty})u_{0}=0$ .
,
$u_{0}>0(x\in\zeta])\grave{\prime}$ $\partial u_{()}/\partial_{lJ}<0(x\in\partial\Omega)$ . (8)
, $\partial u_{0}/\partial\iota/$ . , $x_{0}\in\Omega$ , $u_{0}(x_{0})=0$
, . $x_{0}\in\partial\Omega$ . $n$
, $x_{n}$ $\partial\Omega$ . , dist $(x_{n}, \partial\Omega)=|x_{n}-y_{n}|$ $y_{n}\in\partial\Omega$
. , $(?/n-x_{?})/|y_{l}-x_{7t}|$ .
$u_{n}(x_{n})=u_{n}(y_{n})=0$ , $x_{\gamma\prime}$. $y_{r\iota}$ $u(x)$ ,
. , $\partial u_{r\ell}(\sim\sim\gamma\})/()_{1/=}0$ $\sim n\gamma$
. $x_{n},$ $y_{n}$ $x_{0}$ , $\sim r\sim$, $x_{(}$ . $q\in[1,$ $\infty)$
, $u_{n}$ $u_{0}$ $M\gamma 2,q(\Omega)$ . , $C^{1}(\overline{\Omega})$
. , $\partial u_{0}(x_{0})/\partial’/=0$ , (8) . ,
$\lambda_{0}’>0$ , $\lambda\in[0, \lambda_{()}’)$ , $\tau\iota\backslash (x)>0(x\in\Omega)$ .
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